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Complex group velocity is common in absorbing and active media, yet its precise physical meaning is
unclear. While in the case of a nondissipative medium the group velocity of propagating waves Cg=d� /dk is
exactly equal to the observable energy velocity �defined as the ratio between the energy flux and the total

energy density� Cg= F̄ / Ē, in a dissipative medium Cg=d� /dk is in general a complex quantity which cannot be
associated with the velocity of energy transport. Nevertheless, we find that the complex group velocity may
contain information about the energy transport as well as the energy dissipated in the medium. The presented
analysis is intended to expound the connection between the complex group velocity and energy transport
characteristics for a class of hyperbolic dissipative dynamical systems. Dissipation mechanisms considered
herein include viscous and viscoelastic types of damping. Both cases of spatial and temporal decay are
discussed. The presented approach stems from the Lagrangian formulation and is illustrated with identities that
relate the complex group velocity and energy transport characteristics for the damped Klein-Gordon equation;
Maxwell’s equations, governing electromagnetic waves in partially conducting media; and Biot’s theory, gov-
erning acoustic wave propagation in porous solids.
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I. INTRODUCTION

The equivalence of the group velocity and the velocity of
energy transport is known to be a classical result in the case
of conservative dispersive media �1–4�. In this case, the
group velocity Cg equals the energy velocity Ce, and thus,
can be defined both kinematically, Cg=�� /�k, and from en-
ergy principles, as the ratio between the average energy flux

F̄ and the average mechanical energy Ē. According to Whith-
am’s average variational principle �3� and Lighthill’s theo-
rem �4�, the relation

Cg = Ce =
F̄

Ē
, �1�

is valid in the very general case of dispersive uniform loss-
less media. In the case of nonuniform and anisotropic media,
with some restrictions of a geometric nature, the principle of
eigenvalue perturbations, suggested by Biot �2�, proves the
identity. The latter heuristic approach does not prove �1� in
general, but rather establishes the validity of the procedure in
a wide variety of cases.

In the case of absorbing media, the energy velocity is
defined similarly to conservative systems as the ratio be-
tween the average energy flux and average total mechanical
energy �1,5–8�, however, the kinematically defined group ve-
locity is in general complex and obviously can no longer be
associated with the velocity of energy transport,

Cg � Ce =
F̄

Ē
. �2�

Unlike conservative systems, the interpretation of the com-
plex group velocity from energy principles is not established.
The physical meaning of the complex group velocity thus
remains obscure, so that it is sometimes referred as a quan-
tity with only an abstract mathematical meaning �8,9�.

On the other hand, from a kinematic point of view, the
real and imaginary parts of the complex group velocity Cg
=�� /�k �with a real value of a wave number� play an impor-
tant role in the description of the behavior of a spatially
localized Gaussian wave packet traveling in absorbing media
�9,10�. According to the saddle point approximation, the cen-
tral wave number kc is in general not conserved, but experi-
ences a drift which is directly proportional to the imaginary
part of the group velocity �10�,

xM = Re�� d�

dk �
kM

�t , �3�

kM = kc + �2 Im�� d�

dk �
kM

�t , �4�

where � corresponds to the width of the Gaussian. If a me-
dium is dissipation free, then Im�d� /dk�=0, and the spatial
maximum of the wave packet moves with the group velocity
evaluated at the central wave number kc, xM =Cg�kc�t �3,10�.
As will be discussed in the following, examples of dissipa-
tive media with purely real group velocities are possible, in
which case the central wave number kc is conserved, and the
location of the spatial maximum xM can be found similarly to
conservative systems.

The present analysis is intended to investigate the possi-
bility of extrapolation of the energetic definition �1� of the
complex group velocity to the case of absorbing media, and
examples of dynamical systems whose group velocities al-
low energetic interpretations are presented.

The general analysis is limited to coupled hyperbolic non-
conservative Lagrangian dynamical systems with viscous
type dissipation. The Lagrangian densities are described by
corresponding quadratic forms and the dissipation is in-
cluded by the corresponding Rayleigh pseudopotential. The
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resulting governing equations represent a system of coupled
linear Klein-Gordon equations with damping �KGD� and
yield the conservation form

�E

�t
+

�F

�x
+ 2D = 0, �5�

where D denotes viscous dissipation function.
In general, equipartition of energy does not hold in ab-

sorbing media. The modewise energy balance equations are
derived to establish the connection between the kinetic en-
ergy, potential energy and energy losses. These relations re-
place the equipartition of energy principle and provide the
foundation for further analysis.

The development, which to some extent follows Biot’s
approach for conservative systems �2�, allows one to inter-
pret complex group velocities of spatially damped waves in

terms of the following average quantities: energy flux F̄, ki-

netic energy T̄, and energy losses E. In the case of temporally
damped waves, group velocities are directly related to the
velocities of energy transport. For example, in the case of
single one-dimensional KGD equation group velocities of
the spatially and temporally damped waves admit the follow-
ing energetic interpretations, respectively,

Cg =
F̄ + ic�E

2T̄ + iE
, Cg =

���2

�R
2 Ce. �6�

where c�=� /kR denotes the phase velocity. It is important to
stress that in the limiting case of no dissipation both resulting
expressions �6� recover the energetic definition �1� for con-
servative systems. In the very general case of coupled KGD
equations energetic representations �6� only hold approxi-
mately �modewise�. The validity of approximations is subse-
quently discussed and illustrated.

Section II provides the necessary preliminaries and estab-
lishes the relations necessary for further development. In
Sec. III modewise energy balance equations are derived to
characterize the partition between the kinetic energy, poten-
tial energy, and energy losses. Section IV is dedicated to the
interpretation of the complex group velocity from energy
principles. The results are presented for both spatially and
temporally damped waves. The following sections contain
case studies. The identities are established for the three-
dimensional version of the Klein-Gordon equation with
damping in Sec. V, and for electromagnetic waves in a par-
tially conducting medium in Sec. VI. The results for a mul-
tiphase poroelastic continuum in the framework of Biot’s
theory, including the high-frequency range theory, are given
detailed consideration in Sec. VII. The conclusions are sum-
marized in Sec. VIII.

II. WAVE MOTION AND LAGRANGIAN FORMALISM

Consider the one-dimensional Lagrange equation �11�,

�

�t

�L
� q̇k

+
�

�x

�L
�qk,x

−
�L
�qk

+
�D

� q̇k

= 0, �7�

where L=L�q , q̇k ,qk,x ,x , t� is the volumetric Lagrangian
density, and D is the Rayleigh dissipation pseudopotential.

Let the dynamical system with N degrees of freedom be
governed by the following positive definite quadratic forms
with corresponding symmetric matrices, so that kinetic and
potential energies, T and V, dissipation pseudopotential D
�possibly positive semidefinite�, are given by,

2T = �ijq̇iq̇j , �8�

2V = �ijqi,xqj,x + �ijqiqj , �9�

2D = bijq̇iq̇j . �10�

Here and henceforth the summation over repeated indices is
implied, unless otherwise specified. With these definitions
the Lagrange equation reads,

�

�t

�T

� q̇k

−
�

�x

�V

�qk,x
+

�V

�qk
+

�D

� q̇k

= 0, �k = 1 . . N� , �11�

and, for instance, in terms of continuum theories, provides a
single governing equation for single phase media, N=1; two
equations in the case of two-phase media, N=2; three equa-
tions for three-phase media, N=3 etc.

According to Eqs. �8�–�11� the governing equations rep-
resent the following hyperbolic system of partial differential
equations,

�ijq̈j − �ijqj,xx + �ijqj + bijq̇j = 0, �i = 1 . . N� , �12�

with corresponding energy conservation form �5�,

�

�t
�1

2
�ijq̇iq̇j +

1

2
�ijqi,xqj,x +

1

2
�ijqiqj� +

�

�x
�− �ijq̇iqj,x�

+ bijq̇iq̇j = 0, �13�

which provides the expression for the energy flux F in terms
of generalized coordinates,

F = − �ijq̇iqj,x. �14�

In the case of harmonic wave motion

qj 	 A exp�i�kx 	 �t��, �j = 1 . . N� ,

the Lagrange Eq. �11� can be recast in the form analogous to
�2�,

− �2�T�

�qk
+

�V�

�qk
	 i�

�D�

�qk
= 0, �k = 1 . . N� , �15�

where 2T�=�ijqiqj, 2V�= ��ijk
2+�ij�qiqj, 2D�=bijqiqj, and

provides the governing Eq. �12� in frequency wave-number
space

�− �2�ij + aij�k� 	 i�bij�qj = 0, �i = 1 . . N� , �16�

where aij�k�=�ijk
2+�ij.

Dissipation leads to complex dispersion relations restrict-
ing further analysis either to the case of spatially damped
waves so that real circular frequencies are mapped into the
complex space of wave numbers �→kR+ ikI, or temporally
damped waves, in which case real wave numbers are mapped
into complex frequency space k→�R+ i�I. Thus, in the case
of spatially �temporally� damped waves, for a given real �
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�real k� the system �16� represents one-parameter quadratic
eigenvalue problem �12� for, in general, 2N complex eigen-
values kn �eigenvalues �n� and up to 2N eigenvectors.

Multiplying the ith Eq. �16� by qi
� /4 one finds that in the

case of spatially damped waves each of the eigenvalues kn
yields the following relation:

−
1

4
�ij�

2qi
nqj

n� +
1

4
aij�kn�qi

nqj
n� 	 i

1

4
bij�qi

nqj
n� = 0, �17�

where qi
n represents ith component of the eigenmode associ-

ated with the nth eigenvalue kn,

qi
n = Ai

n���exp�i�knx 	 �t�� . �18�

In the case of the temporally damped waves all eigenval-
ues �n yield similar relations

−
1

4
�ij�n

2qi
nqj

n� +
1

4
aij�k�qi

nqj
n� 	 i

1

4
bij�nqi

nqj
n� = 0, �19�

where qi
n represents ith component of the eigenmode as-

sociated with the nth eigenvalue �n,

qi
n = Ai

n�k�exp�i�kx 	 �nt�� . �20�

Equations �17� and �19� constitute the foundation for fur-
ther analysis.

III. MODEWISE ENERGY BALANCE AND ENERGY
PARTITION

In the case of conservative systems �bij =0� both eigenval-
ues and eigenvectors are real, the above considerations lead
to

−
1

4
�ij�n

2qi
nqj

n +
1

4
aij�k�qi

nqj
n = 0, �21�

and equipartition of energy follows immediately for each
mode �2�,

T̄n = V̄n. �22�

For nonconservative dynamical systems under consideration
equipartition of energy does not hold for spatially attenuated
modes, however, it is found to be the case for temporally
damped modes.

A. Spatially damped waves

Consider the case of spatially damped waves in detail.

The values of the average over a period kinetic energy T̄n,

potential energy V̄n, and viscous power dissipation 2D̄n as-
sociated with the nth mode are provided in Appendix A. The
expression for the modewise energy losses in one period is
thus

2D̄n
2


�
= 
�bijqi

nqj
n�. �23�

The following quantity, En, is introduced for further conve-
nience to denote 1 /4
 fraction of viscous energy loss in one
period,

En = D̄n/� =
1

4
�bijqi

nqj
n�. �24�

According to the results of �A1� and �24� the expression
�17� can be rewritten in the form of the modewise energy
balance �no summation over repeated n’s�,

− T̄n + �nV̄n 	 iEn = 0, �25�

where the following complex, frequency dependent coeffi-
cient is introduced

�n =
��ijkn

2 + �ij�qi
nqj

n�

��ij�kn�2 + �ij�qi
nqj

n�
. �26�

The above relationship �25� replaces the energy equipartition

principle for harmonic waves in conservative systems, T̄= V̄,
which can be recovered from Eq. �25� in the limiting case of
no dissipation �En→0 and �n→1�.

The modewise energy balance Eq. �25� can be applied to
quantify the partition between the kinetic and potential ener-
gies. Taking the real and imaginary part of Eq. �25� one finds


T̄n − Re��n�V̄n = 0,

Im��n�V̄n 	 En = 0.
� �27�

Thus, the physical meaning of �n is clear: Re��n� represents
the coefficient of energy partition between the kinetic and
potential energies, while Im��n� quantifies the proportion be-
tween viscous energy losses and the potential energy for the
n’th mode, i.e.,

�n =
T̄n

V̄n

� i
En

V̄n

. �28�

In some particular cases, explicit expressions for �n that
do not involve the eigenvectors can be obtained. When �ij
vanishes,

�n =
kn

2

�kn�2
=

kn

kn
� , �29�

and in the case of single degree of freedom

� =
�k2 + �

��k�2 + �
. �30�

Thus, in certain cases, the information about the energy par-
tition in nonconservative systems can be extracted directly
from the dispersion relation. This includes the cases when
the values of coefficients �n are provided by either Eqs. �29�
and �30�. In general, the eigenvectors are necessary to evalu-
ate �n according to definition �26�.

Finally, it can be noted that for the dynamical systems
under consideration, Re��n� is always less than unity, which
indicates that in the case of spatially damped waves

T̄n � V̄n. �31�
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B. Temporally damped waves

The results for temporally damped waves can be recov-
ered in a similar manner. According to Eq. �A8� the expres-
sion for the energy losses in one wavelength is

2D̄n
2


�nR
= 


��n�2

�nR
bijqi

nqj
n�, �32�

and again the following quantity, En, is introduced to denote
1 /4
 fraction of viscous energy loss in one wavelength,

En = D̄n/�nR =
1

4

��n�2

�nR
bijqi

nqj
n�. �33�

According to the results for the average over wavelength
quantities provided in �A2�, �19�, and �33� one may find �no
summation over repeated n’s�

− �n
2T̄n + ��n�2V̄n 	 i�n�nREn = 0, �34�

what represents the modewise energy balance in the case of
temporally damped waves.

The real and imaginary parts of Eq. �34� are, respectively,

− ��nR
2 − �nI

2 �T̄n + ��n�2V̄n � �nR�nIEn = 0,

− 2�nIT̄n 	 �nREn = 0,
�35�

and equipartition of energy obviously follows from the above
relations,

T̄n = V̄n. �36�

IV. COMPLEX GROUP VELOCITY

This section investigates the possibility of extrapolation
of the energetic definition �1� of the group velocity to the
case of absorbing media. Both cases of spatial and temporal
attenuation are examined.

A. Adiabatic approximation

In the following, the approximate expressions for the
complex group velocities are sought based on the assumption
that the corresponding eigenvectors Ai

n are sufficiently
slowly varying functions of frequency �wave number� in the
case of spatial �temporal� attenuation. The validity of the
assumption is subsequently discussed.

In the case of spatially damped waves analysis stems from
the Eq. �17� which can also be recast in the form,

�− �2�ij + �ijkn
2 + �ij 	 i�bij�Ai

n���Aj
n���� = 0, �37�

involving normalized eigenvectors Ai
n���.

Differentiating the Eq. �37� with respect to � and neglect-
ing the terms involving derivatives of eigenvectors one ar-
rives at the following expression �no summation over re-
peated n’s�,

�− 2��ij + 2�ijkn
dkn

d�
	 ibijAi

n���Aj
n���� � 0, �38�

which further allows the derivation of the approximate ex-
pression for the complex group velocity,

Cg
n �

�2�ijknR + 2i�ijknI�Ai
n���Aj

n����
�2��ij � ibij�Ai

n���Aj
n����

. �39�

The identity obtained from the imaginary part of Eq. �37�,

�2aijknI 	
�

knR
bijAi

n���Aj
n���� = 0. �40�

allows Eq. �39� to be rewritten as

Cg
n �

�2�ijknR � i�bij/knR�Ai
n���Aj

n����
�2��ij � ibij�Ai

n���Aj
n����

. �41�

The energetic interpretation of the above expression is
now straightforward. To proceed, we invoke the expressions
for the average over a period kinetic energy �A1�, energy flux
�A3�, and power dissipation �A4�, so that it remains to mul-
tiply the numerator and denominator in Eq. �39� by � exp�
−2kIx� /4 to derive,

Cg
n �

F̄n 	 ic�
n En

2T̄n 	 iEn

, �42�

where c�
n denotes the phase velocity and the plus �minus�

sign is selected for the waves traveling in positive �negative�
x direction.

The analysis for the temporally damped modes is com-
pletely analogous and follows from the Eq. �19�,

�− �n
2�ij + �ijk

2 + �ij 	 i�nbij�Ai
n�k�Aj

n��k� = 0. �43�

Under the assumption of slowly varying eigenvectors, dif-
ferentiation of the Eq. �43� with respect to k provides

�− 2�ij�n
d�n

dk
+ 2�ijk 	 ibij

d�n

dk
Ai

n�k�Aj
n��k� � 0,

�44�

and consequently, the expression for the group velocity is

Cg
n �

2�ijkAi
n�k�Aj

n��k�
�2�n�ij � ibij�Ai

n�k�Aj
n��k�

. �45�

With the use of the identity obtained by evaluation of the
imaginary part of Eq. �43� this further simplifies to

Cg
n �

�ijkAi
n�k�Aj

n��k�
�nR�ijAi

n�k�Aj
n��k�

. �46�

The energetic interpretation of Eq. �46� requires the ex-
pressions for the averaged over a wavelength kinetic energy
�A5� and energy flux �A7�. For traveling modes ��nR�0�,
the following approximate relation can be obtained,

Cg
n �

��n�2

�nR
2

F̄n

2T̄n

, �47�

or alternatively, taking into account the equipartition of en-
ergy for temporally attenuated modes �36�,
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Cg
n �

��n�2

�nR
2 Ce

n, �48�

where Ce
n denotes the energy velocity. Note, that the factor

��n�2 /�nR
2 in Eq. �48� may be neglected in the case of trav-

eling waves with e folding time greater than a period, how-
ever, should be preserved in the case of rapidly damped
waves.

First of all, it is important to stress that the eigenvectors in
Eqs. �37� and �43�, provided bij�0, are parameter indepen-
dent only in the case of weak coupling, so that the cross-
coupling entries in Eqs. �8�–�10� can be eliminated. More-
over, this appears to be the only case when Eqs. �42� and
�48� are in fact the exact energetic interpretations of the
group velocities, i.e.,

Cg
n =

F̄n 	 ic�
n En

2T̄n 	 iEn

, Cg
n =

��n�2

�nR
2 Ce

n. �49�

Thus, approximations �42� and �48� neglect coupling effect,
and therefore, can be regarded as adiabatic approximations,
in analogy with those known from quantum mechanics and
acoustics. As a consequence, group velocities in the case of
single degree of freedom dynamical system �8�–�10� �Klein-
Gordon equation with damping, considered further in Sec.
V� yield,

Cg =
F̄ 	 ic�E

2T̄ 	 iE
, Cg =

���2

�R
2 Ce. �50�

Second, adiabatic approximations may be accurate even
despite of significant coupling, as for instance in the case of
longitudinal modes in Biot’s theory �considered further in
Sec. VII�.

Finally, it should be mentioned that the energetic interpre-
tations �49� and �50� recover the energetic definition of the
group velocity �1� in the limiting case of no dissipation.

B. Dissipation outflux

The adiabatic approximation in the case of spatially at-
tenuated waves �42� can alternatively be written as

Cg �
F̄ 	 iF̄E

2T̄ 	 iE
, �51�

where F̄E=c�E. The term F̄E, the energy flux density on di-
mensional grounds, appears to be the product of the energy
dissipated E and the phase velocity c�=� /kR. It is important

to stress that F̄E does not represent the energy flux in its usual
sense as long as the energy generated by the viscous friction
is immediately extracted from the system and does not
propagate in a wavelike manner through the medium. This is
generally true by virtue of idealization �e.g., in viscous fluid
dynamics heat waves are neglected�. Thus, in analogy with

the mechanical energy flux F̄, F̄E can be regarded as the
energy dissipation outflux characterized by some energy dis-
sipation velocity c�.

An analogous term is absent in the case of temporal
damping �42�. A more detailed discussion of dissipation out-
flux is provided in Sec. VIII.

V. KLEIN-GORDON EQUATION WITH DAMPING

To illustrate the preceding considerations we consider the
example of the damped KGD with constant coefficients �5�,

�tt − �2�2� + �2� + b�t = 0, �52�

where �=��x� , t�, and extend the energetic interpretations
�50� to more than one dimension.

The energy conservation form �5� for the KGD equation
reads,

�

�t
�1

2
�t

2 +
1

2
�2�xi

2 +
1

2
�2�2� +

�

�xi
�− �2�t�xi

� + b�t
2 = 0,

�53�

while the dispersion relation and the expression for the com-
plex group velocity are, respectively,

− �2 + �2k�2 + �2 − ib� = 0, �54�

C� g =
2�2k�

2� + ib
. �55�

We first restrict our attention to the case of rightward
propagating, spatially damped waves ��I=0, k�R�0, k�I
�0� and consider a traveling damped wave solution of the
form

� 	 Ae−k�I·x� cos�k�R · x� − �t + � = Ae−��x�� cos���x�,t� + � ,

�56�

where � denotes the phase, � corresponds to spatial attenu-
ation and  is the phase shift,

k�R =
��

�x�
, k�I =

��

�x�
, � = −

��

�t
. �57�

The average over a period kinetic energy is given by

T̄ =
1

2
A2�2e−2� sin2�� + � =

1

4
A2�2e−2�, �58�

while the average power dissipation can be found as

2D̄ = A2b�2e−2� sin2�� + � =
1

2
A2b�2e−2�, �59�

so that the expression for the average energy loss is

E = D̄/� =
1

4
A2b�e−2�. �60�

According to Eq. �53� the expression for the average energy
flux is now a vector quantity,

F� = − A2�2e−2�� sin�� + ��k�I cos�� + � − k�R sin�� + ��

=
1

2
A2�2�k�Re−2�. �61�

COMPLEX GROUP VELOCITY AND ENERGY TRANSPORT… PHYSICAL REVIEW E 81, 056602 �2010�

056602-5



To establish the connection between the complex group
velocity and energy transport characteristics we rearrange
�55� as follows:

C� g =
2�2k�R + 2i�2k�I

2� + ib
=

2�2k�R� + 2i�2k�I�

2�2 + ib�
, �62�

and consider the imaginary part of the KGD dispersion rela-
tion �54�,

2�2k�R · k�I − b� = 0, �63�

or alternatively,

2�2k�R · k�I − b�
k�R · k�R

�k�R�2
= 0, �64�

so that,

2�2k�I = b
�k�R

�k�R�2
= bc��. �65�

Finally, we rewrite Eq. �62� in the form,

C� g =
2�2k�R� + ic��b�

2�2 + ib�
, �66�

and multiply the numerator and denominator by A2e−2� /4 to
obtain

C� g =
F� + ic��E

2T̄ + iE
=

F� + iF� E

2T̄ + iE
, �67�

which demonstrates the validity of the energetic interpreta-
tion �50� in more than one dimension.

Now consider the energetic interpretation of the group
velocity in the case of temporally damped waves ��I

�0, k�R�0, k�I=0�. In this case the traveling damped wave
solution is of the form �with �I�0 in the case of absorbing
media�

� 	 Ae�It cos�k�x� − �Rt + � , �68�

and one may recover the following expressions for the aver-
aged over a wavelength kinetic energy and energy flux,

T̄ =
1

4
A2���2e2�It, �69�

F� =
1

2
�2A2�Rk�e2�It. �70�

The expression for the group velocity �54� now simplifies to
�with the use of the identity obtained by evaluation of the
imaginary part of the dispersion relation �54��

C� g =
2�2k�

2�R + i�2�I + b�
=

�2k�

�R
. �71�

It now suffices to compare Eqs. �69�–�71� to establish an
exact representation,

C� g =
���2

�R
2

F�

2T̄
, �72�

and furthermore, taking into account the equipartition of en-

ergy, T̄= V̄ �which can be easily verified in the three-
dimensional case with the use of the identity ���2=�2k�2+�2,
derived from the dispersion relation �54��,

C� g =
���2

�R
2 C� e. �73�

Again, excluding rapidly damped waves in Eq. �73�, the
group velocity accurately approximates the energy velocity,
C� g�C� e.

The result for temporally attenuated waves can be related
to the behavior of a Gaussian wave packet. According to
Eqs. �3� and �4�, the one-dimensional version of Eq. �73�
suggests that the central wave number kc is conserved, even
though the position of the spatial maximum xM =Cg�kc�t is
always ahead of the location predicted by the energy veloc-
ity, Cet.

VI. ELECTROMAGNETIC WAVES IN A PARTIALLY
CONDUCTING MEDIUM. MAXWELL’S EQUATIONS

The physical interpretations of the group velocity in ab-
sorbing media developed in Sec. IV have established for a
special class of mechanical systems �8�–�10�. Maxwell’s
equations for a partially conducting medium do not fit into
this formalism. Nevertheless, completely analogous relations
can be obtained.

Consider Maxwell’s equations for a homogeneous, isotro-
pic, linear, partially conducting medium in one dimension
�13�,

�2Ex

�z2 = ��
�2Ex

�t2 + ��
�Ex

�t
, �74�

�2Hy

�z2 = ��
�2Hy

�t2 + ��
�Hy

�t
, �75�

where �, �, and � denote permeability, permittivity, and con-
ductivity, respectively.

Assuming solutions in the form of traveling, spatially
damped waves,

Ex = E0ei�kz−�t�, Hy = H0ei�kz−�t�, �76�

where k=kR+ ikI, we note that from the equation

� � E = − �
�H

�t
, �77�

it follows that ikE0= i��H0.
The dispersion relation can be written down as

− k2 + ���2 + i��� = 0, �78�

or, in alternative form,
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− kR
2 + kI

2 + ���2 = 0,

2kRkI − ��� = 0,
�79�

and provides the following expression for the complex group
velocity,

Cg =
2k

2��� + i��
. �80�

The expressions for the average electric and magnetic en-
ergy densities are, respectively,

W̄e =
1

2
�EE� =

1

2
�ExEx

� =
1

2
��E0�2e−2kIz, �81�

W̄m =
1

2
�HH� =

1

2
�HyHy

� =
1

2

�k�2

�2�
�E0�2e−2kIz. �82�

The average power flow per unit area equals the real part of
the complex Poynting vector,

S = Re�E � H�� = Re�ExHy
��ẑ , �83�

S̄z =
kR

��
�E0�2e−2kIz. �84�

The expression for the average dissipation power density can
be found as

P̄d =
1

2
E · Jc

� =
1

2
�ExEx

� =
1

2
��E0�2e−2kIz, �85�

and again we define 1 /4
 fraction of the energy loss in one
cycle E, so that

E = P̄d/� =
�

2�
�E0�2e−2kIz. �86�

Using the second Eq. �79� we can rearrange �80� as follows,

Cg =
kR/�� + ic��/2�

� + i�/2�
, �87�

where c�=� /kR is the phase velocity, so that finally,

Cg =
S̄z + ic�E

2W̄e + iE
=

S̄z + iF̄E

2W̄e + iE
, �88�

where the quantity F̄E=c�E, in analogy with previous con-
siderations, is recognized as the Joule dissipation outflux.

It can be easily verified that the energy partition coeffi-
cient � is given by

� =
k2

�k�2
=

W̄e

W̄m

+ i
E

W̄m

, �89�

so that Re��� provides the ratio between the electric and
magnetic energy densities, while Im��� quantifies the pro-
portion between the energy loss in one period and magnetic
density. In conducting media the magnetic energy density is
known to be always larger than the electric energy density in
the case of spatial attenuation �13� which also follows from
Eq. �89�.

One may also obtain the identity for the temporally
damped waves. In this case the expression for the group
velocity is

Cg =
k

���R
. �90�

The expressions for the energy densities and power flow av-
eraged over a wavelength are

W̄e =
1

2
��E0�2e2�Iz, �91�

W̄m =
1

2

k2

���2�
�E0�2e2�Iz, �92�

S̄z =
k�R

����2
�E0�2e2�Iz. �93�

The equipartition of electric and magnetic energy densities,

W̄e=W̄m, can be confirmed with the use of dispersion relation
�78�.

Consequently, one arrives at

Cg =
���2

�R
2

S̄z

2W̄e

=
���2

�R
2 Ce. �94�

VII. LONGITUDINAL WAVES IN A MULTIPHASE
CONTINUUM. BIOT’S THEORY

The approach to the complex group velocity developed
above applies to a multiphase continuum, in particular, to
Biot’s theory of wave propagation in an isotropic, homoge-
neous, porous solid �14�. Biot’s theory implies purely vis-
cous solid-fluid interphase interactions in the low frequency
range and viscoelastic interphase interactions in the higher
frequency range. The governing equations in the low fre-
quency range can be shown to satisfy the formalism �8�–�10�
and approximate physical interpretations of the complex
group velocities �42�, Eq. �48� apply directly to both longi-
tudinal modes. In the general, full frequency range theory it
is necessary to include viscoelastic effects which introduce
certain modifications to the earlier obtained result �42�.
Analysis is provided for the case of spatially damped waves
propagating in the negative x direction to maintain consis-
tency with Biot’s original work �14�.

According to low frequency Biot’s theory

2T = �11u̇i
2 + 2�12u̇iU̇i + �22U̇i

2, �95�

2V = �ijeij + s� , �96�

2D = b�u̇i − U̇i�2, �97�

where u and U are the displacements of the solid and fluid
phases, respectively, �ij is the mass matrix whose diagonal
�off-diagonal� components represent reference phase densi-
ties �added mass effects�; b=�2 f /K, where �,  f, and K
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denote porosity, viscosity and permeability, respectively.
The solid and fluid strains are defined as follows:

eij =
1

2
�ui,j + uj,i�, � = Ui,i, �98�

and the constitutive equations thus read

�ij = �ekk�ij + 2�eij + Q��ij , �99�

s = Qekk + R� . �100�

Further analysis is provided for the one-dimensional case
and thus restricted to longitudinal waves. In this case we find
the following expressions for the potential energy �96� in
terms of generalized coordinates,

2V = �� + 2��ux
2 + 2QuxUx + RUx

2, �101�

which, along with Eqs. �95� and �97�, represent a particular
case of the formalism �8�–�10�. The poroacoustic Poynting
vector

Pi = − �iju̇j − sU̇i, �102�

reduces to a scalar expression for the energy flux �consistent
with the general expression �14��,

F = − �u̇ − sU̇ = − �� + 2��uxu̇ − Q�uxU̇ + Uxu̇� − RUxU̇ .

�103�

To illustrate the steps in the approach for coupled systems
we consider the quadratic forms

2T� = �11u
2 + 2�12uU + �22U

2, �104�

2V� = k2��� + 2��u2 + 2QuU + RU2� , �105�

2D� = b�u2 − 2uU + U2� , �106�

and derive the governing equations in frequency wave-
number space according to Eq. �15�,

− �2��11u + �12U� + k2��� + 2��u + QU� + � = 0,

�107�

− �2��12u + �22U� + k2�Qu + RU� − � = 0, �108�

� = i�bF�u − U� . �109�

An ad hoc frequency dependent correction factor F �14� is
introduced here in Eq. �109�. Introduction of the complex
viscosity F f includes viscoelastic effects and physically de-
scribes the lag between the filtration velocity and the shear
stress exerted on the pore wall �14�. While the real part of the
complex viscosity corresponds to the viscous interaction, the
imaginary part takes into account the purely elastic response.
By taking the viscoelastic interaction into account one can
investigate a more general acoustic porous media model that
is valid for both low- and high-frequency regimes. The more
general results for the full frequency range problem must
recover the results derived above for the low-frequency
theory in the limiting case F→1.

The eigenvalue problem �107�, �108� for k2, can be clas-
sified as a standard eigenvalue problem �or degenerate qua-
dratic eigenvalue problem for k� and admits a simple analytic
solution �14� �unlike the corresponding problem for �, which
is strongly nonlinear; this case of temporal attenuation is
beyond the scope of the present analysis�. Two possible lon-
gitudinal modes exist in Biot’s theory, the so-called P1 and
P2 waves, which we take to correspond to the eigenvalues k1,
k2, and eigenvectors �u1 ,U1� and �u2 ,U2�, respectively.

In this notation, the modewise, averaged over a period
values of the kinetic energy, potential energy, energy flux,
and Dn are �n=1,2�,

T̄n =
1

4
�2��11unun

� + �12�un
�Un + unUn

�� + �22UnUn
�� ,

�110�

V̄n =
1

4
�kn�2��� + 2��unun

� + Q�un
�Un + unUn

�� + RUnUn
�� ,

�111�

F̄n =
1

2
� Re�kn���� + 2��unun

� + Q�un
�Un + unUn

��

+ RUnUn
�� , �112�

2D̄n =
1

2
�2bFR�unun

� − un
�Un − unUn

� + UnUn
�� . �113�

Viscoelastic interaction implies elastic energy storage dur-
ing each cycle as well as viscous energy losses. Upon intro-
duction of the frequency correction factor in Eq. �113� the

average quantity 2D̄n becomes complex. It is now the real

part of 2D̄n that corresponds to the viscous power dissipa-

tion, while the imaginary part of 2D̄n serves to quantify the
elastic energy stored. Indeed, the energy stored can be ex-
pressed as the product of the elastic part of the force exerted
by the fluid on the solid in the x direction, times the relative
solid displacement

Energy stored = − bFI�U̇R − u̇R��uR − UR� . �114�

Thus its maximum value over one cycle is �here the subscript
root-mean square stands for root-mean-square values�,

Max energy stored = bFI�U̇R − u̇R�rms�UR − uR�rms,

�115�

which can be reinterpreted in terms of contributions due to
P1 and P2 waves in the form �n=1,2�,

1

2�
n

�bFI�unun
� − un

�Un − unUn
� + UnUn

�� . �116�

A. Complex group velocity

The approximate energetic interpretations of the complex
group velocities for the longitudinal waves are sought in the
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following and these now include an additional term due to
elastic energy stored.

As was mentioned above, Biot’s theory admits two pos-
sible longitudinal modes. Each characteristic solution �n
=1,2� must satisfy �17�, which is now obtained by multipli-
cation of Eqs. �107� and �108� by u� and U�, respectively,
and adding the two equations,

− �2��11unun
� + �12�un

�Un + unUn
�� + �22UnUn

��

+ kn
2��� + 2��unun

� + Q�un
�Un + unUn

�� + RUnUn
��

+ i�bF�unun
� − un

�Un − unUn
� + UnUn

�� = 0. �117�

In the form of the modewise energy balance Eq. �25� this
reads

− T̄n + �nV̄n + iEn� − En� = 0, �n = kn
2/�kn�2 �118�

where En� and En�,

�En�

En�
� =

1

4
�b�FR

FI
��unun

� − un
�Un − unUn

� + UnUn
�� ,

�119�

are, respectively, 1 /4
 fraction of the energy loss due to the
viscous dissipation and half the maximum elastic energy
stored in one cycle modewise. In particular, according to
Eqs. �118� and �119�, the energy partition between the kinetic
and potential energy, and the energy losses and potential en-
ergy can be quantified as follows,

T̄n

V̄n

= Re��n� +
FI

FR
Im��n�,

En�

V̄n

= − Im��n� . �120�

With the above remarks the derivation for the group ve-
locity interpretation can be recovered in the same manner as
in Sec. IV. In this case, for leftward propagating waves, we
obtain the following adiabatic approximations

Cg
n �

F̄n − ic�
n En�

2T̄n + ��En� − i��En�
,

�� = 1 +
�

FR

dFR

d�
, �� = 1 +

�

FI

dFI

d�
. �121�

The physical interpretation of the above statement is clear.

The term F̄En=c�
n En� represents the dissipation outflux due to

the viscous interphase interactions as before, while En� and En�
denote viscous energy losses and half of the maximum of the
elastic energy stored, respectively. �� and �� are nondimen-
sional coefficients expressed in terms of the frequency cor-
rection factor. The results for the low frequency Biot’s theory
�42� can be recovered from Eq. �121� in the limiting case
F→1.

Moreover, in this particular case the adiabatic approxima-
tion �121� is also a leading order approximation for both the
real and imaginary parts of the complex group velocity. In
the high frequency range the small parameter in the eigen-
value problem �107�, �108� is F /�. As long as Re F
=O��1/2� and Im F=O��1/2� �14�, the perturbation is of or-

der O��−1/2�+ iO��−1/2�. Thus, kn and Cg
n can be expanded in

powers �1/2,

kn/� = �n0 + i�n1/�1/2 + �n2/�1/2 + i�n3/� + . . . ,

Cg
n = Cg

n0 + Cg
n1/�1/2 + iCg

n2/�1/2 + Cg
n3/� + . . . �122�

Further considerations suggest that

Cg
n =

F̄n − ic�
n En�

2T̄n + ��En� − i��En�
+ O� 1

�
� + iO� 1

�
� , �123�

where the first summand contains leading O�1�, O��−1/2�.
and iO��−1/2� terms.

The validity of the adiabatic approximation �123� is dis-
cussed further in Sec. VII B and illustrated with sample pa-
rameters for water saturated Berea sandstone.

B. Numerical results

Numerical results are obtained for water saturated Berea
sandstone with the physical properties provided in Table I.
Generalized poroelastic parameters �, Q, and R are related to
the porosity, the solid and fluid bulk moduli, the bulk modu-
lus of the porous drained matrix and the shear modulus via
Gedanken experiments �15�; reference phase densities �ij are
related to porosity, tortuosity, grain and saturating fluid den-
sities �14� �see Appendix B�.

The dispersion relation for the longitudinal modes has the
form �14�

�q11q22 − q12
2 �z2 − �q22�11 + q11�22 − 2q12�12�z + ��11�22

− �12
2 � +

ib

��
F����z − 1� = 0, �124�

where qij and �ij are normalized Biot’s parameters and nor-
malized reference densities, respectively, �=�11+2�12+�22,
z= �ckn /��2, n=1,2 �c is the characteristic velocity�, and �
=��f / fc�1/2 with characteristic frequency fc defined as

fc =
b

2
���12 + �22�
. �125�

The expression for the frequency correction factor in terms
of Bessel-Kelvin zero order functions is �14�

F��� =
1

4� �T���

1 −
2

i�
T����, T��� =

ber���� + ibei����
ber��� + ibei���

.

Figures 1 and 2 contain the results for the complex group
velocities �real and imaginary parts, respectively� calculated
both exactly, with the direct use of the dispersion relation
�124�, and approximately, according to the adiabatic �also the
leading order� approximation �123�. The results for the en-
ergy velocity are also included in Fig. 1. As was mentioned
above, the validity of the group velocity approximation
strongly depends on certain properties of the eigenvectors.
The solution of the eigenvalue problem �107�, �108� indi-
cates that eigenvectors indeed exhibit the desired property,
not only in the high-frequency range. Results for real and
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imaginary parts of the complex group velocities illustrate the
relative error introduced by the truncation of the coupling
terms. The approximation is much more accurate in the case
of the P2 wave, so that the exact and approximate results are
indistinguishable. This indicates that interphase coupling
does not significantly effects the propagation of the highly
damped P2 wave. In the case of the P1 wave the effect of
interphase coupling is more pronounced, especially in the
low-frequency range. The approximation is more accurate in
the higher-frequency range, as was predicted theoretically.
The energy velocity is found to be slower �faster� than the
group velocity in the low-�high-�frequency range, however,
never exceeds the values of the wavefront velocities, Ce

1

�Vp1
� , Ce

2�Vp2
� , in accord with the causality principle.

Figure 3 contains the results for the modewise kinetic
energy and energy losses in one period, due to viscous dis-

sipation, T̄n and En�, measured in percentage of the potential

energies V̄n in accordance with Eq. �120�. For the P1 wave,

equipartition of energy, T̄1� V̄1, holds nearly exactly �with
accuracy greater than 0.05%� at all frequencies. For the P2

wave similar results, T̄2� V̄2, are only valid in the high-
frequency range. Significant energy losses are observed in
the low-frequency range, especially for the P2 wave, as ex-
pected. These results reconfirm, from an energetic point of
view, the role of the P2 wave as the main dissipation mecha-
nism in porous solids. Moreover, this serves a vivid example
of the application of the modewise energy balance equation,
since the results for the energy partition were extracted di-
rectly from the dispersion relation �124�.

TABLE I. Physical properties of the porous material �Berea sandstone� and saturating fluid �water�.

Porosity � 0.20

Permeability �mD� K 360.00

Tortuosity a 2.40

Structural factora � 2.83

Frame bulk modulus �GPa� Kb 10.37

Shear modulus �GPa� � 7.02

Grain bulk modulus �GPa� Ks 36.50

Liquid bulk modulus �GPa� Kf 2.25

Solid density �kg /m3� �s 2644.00

Liquid density �kg /m3� � f 1000.00

Liquid viscosity �mPa·s�  f 1.00

P1-wave phase velocityb �m/s� Vp1
� 3268.20

P2-wave phase velocityb �m/s� Vp2
� 793.33

Characteristic frequency �kHz� fc 6.07

Characteristic velocity �m/s� c 3260.26

Biot parameters �GPa� Phase densities �kg /m3�
� � Q R �11 �12 �22

8.224 7.020 0.982 0.380 2415.2 �300 500

aCorresponds to the pore structure �14�.
bHigh frequency limit.
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FIG. 1. Group velocities and corresponding adiabatic approximations �real parts� versus frequency �curves labeled 1 and 2, respectively�.
Energy velocities versus frequency �dotted line�. Horizontal lines indicate limiting wavefront velocities Vp1

� and Vp2
� �Table I�. P1-wave

results �left�, P2-wave results �right�.
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VIII. CONCLUSIONS

In the case of conservative dynamical systems group ve-
locity can be defined both kinematically and from energy
principles. In the case of nonconservative systems, a general
energetic definition, similar to that for conservative systems,
does not exist. Nevertheless, in some exceptional cases, iden-
tities relating the complex group velocity and energy trans-
port characteristics can be established for both the case of
spatial and the case of temporal attenuation. The exact ener-
getic interpretations have been presented for the KGD Eqs.
�67� and �73� and Maxwell’s Eqs. �88� and �94�. In the latter
case the complete analogy with mechanical systems is re-
markable, since Maxwell’s equations do not satisfy the for-
malism �8�–�10�.

In the case of Biot’s theory the results can be summarized
as follows. The energetic interpretation in the form of the

adiabatic approximation established for the complex group
velocity �123� is a leading order approximation for both real
and imaginary parts of the group velocity. Numerical results
suggest a minuscule coupling effect on the propagation of
the highly damped slow P2 mode.

All energetic interpretations of the complex group veloc-
ity in the case of spatial attenuation contain the dissipation
outflux term representing the product of the phase velocity
and energy dissipated. This quantity although an energy flux
on dimensional grounds, is not the energy flux in its usual
sense as long as the energy generated by the internal friction
is instantaneously extracted from the medium and does not
propagate after it is generated. In all the cases considered,
including low- and higher-frequency Biot’s theory, the dissi-
pation energy velocity is found to equal the phase velocity,
as can be expected for cases in which dissipation is caused
by friction. We believe, this can be understood in terms of
the following thought experiment. Imagine a chain of masses
in a frictionless medium. The first mass begins to move with
a constant velocity, hits the second mass, and transfers en-
ergy to this mass. The second mass, in turn, moves with a
fixed velocity and hits the third mass, setting it in motion,
and so on. Assume that the energy is only dissipated during
inelastic collisions, which occur instantaneously, and each
collision removes only a small fraction of the initial energy.
In this simple example of a spatially damped longitudinal
wave, heat waves are generated and extracted from the me-
dium during collisions only, and hence, energy is dissipated
with the velocity of the individual masses, or the phase ve-
locity. An analogous thought experiment in the case of tem-
poral attenuation assumes intrinsic friction of the medium
and purely elastic collisions. In the latter case the energy is
extracted permanently, immediately after the first mass is set
in motion. There is no characteristic velocity to be associated
with the energy dissipated, therefore, the quantity c�E is
physically meaningless, and the corresponding term is absent
in the energetic interpretation of the group velocity.

Finally, it is important to stress that the analysis and the
main conclusions presented herein apply to dynamical sys-
tems of a special type, namely those governed by second-
order hyperbolic partial differential equations with particular
dissipation models �viscous and viscoelastic�. Although this
covers a variety of realistic physical systems, the question of
whether or not the interpretation of the complex group ve-
locity from energy principles can be established in general,
or at least for a wider class of problems, remains open.

APPENDIX A: AVERAGED QUANTITIES

1. Spatially damped waves. Averaged quantities

T̄n =
1

2
�ijq̇iR

n q̇jR
n =

1

4
�2�ijqi

nqj
n�, �A1�

V̄n =
1

2
�ijqiR,x

n qjR,x
n +

1

2
�ijqiR

n qjR
n =

1

4
��ij�kn�2 + �ij�qi

nqj
n�,

�A2�
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FIG. 2. Group velocities and corresponding adiabatic approxi-
mations �imaginary parts� versus frequency �curves labeled 1 and 2,
respectively�. P1-wave results �lower curves� and P2-wave results
�upper curves�.
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FIG. 3. Kinetic energies, �1� T̄1 and �2� T̄2, and energy losses,
�3� E1� and �4� E2�, measured in percentage of the potential energies

V̄1 and V̄2 respectively.
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F̄n = − �ijq̇iR
n qjR,x

n · n =
1

2
� Re�kn��ijqi

nqj
n�, �A3�

2D̄n = bijq̇iR
n q̇jR

n =
1

2
�2bijqi

nqj
n�. �A4�

2. Temporally damped waves. Averaged quantities

T̄n =
1

2
�ijq̇iR

n q̇jR
n =

1

4
��n�2�ijqi

nqj
n�, �A5�

V̄n =
1

2
�ijqiR,x

n qjR,x
n +

1

2
�ijqiR

n qjR
n =

1

4
��ijk

2 + �ij�qi
nqj
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=
1

4
aij�k�qi

nqj
n�, �A6�

F̄n = − �ijq̇iR
n qjR,x

n · n =
1

2
Re��n�k�ijqi

nqj
n�, �A7�

2D̄n = bijq̇iR
n q̇jR

n =
1

2
��n�2bijqi

nqj
n�. �A8�

APPENDIX B: POROELASTIC MECHANICAL
PARAMETERS

Reference phase densities,

�11 = �1 − ���s + �� f�a − 1� ,

�12 = �� f�1 − a� ,

�22 = a�� f . �B1�

Generalized poroelastic mechanical parameters,

� = Kb − 2�/3 + Kf�1 − � − Kb/Ks�2/�eff,

Q = �Kf�1 − � − Kb/Ks�/�eff,

R = �2Kf/�eff, b = �2 f/k ,

�eff = � + Kf�1 − � − Kb/Ks�/Ks. �B2�

Characteristic quantities,

� = �11 + �22 + 2�12,

H = � + 2� + R + 2Q ,

c = �H/� . �B3�

Nondimensional parameters,

�11 = �11/�, �12 = �12/�, �22 = �22/� ,

q11 = �� + 2��/H, q12 = Q/H, q22 = R/H . �B4�
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